a b s t r a c t 26 This paper describes a finite strain elasto-viscoplastic constitutive model to predict the non-linear beha-27 viour of polymeric based materials. The theoretical basis of the material model and the computational 28 treatment are presented. The operator split methodology and the Newton-Raphson method are used 29 to derive the state update algorithm and to obtain the numerical solution. The integration algorithm 30 reduces to the solution of only one scalar non-linear equation. A closed formula for the corresponding 31 consistent tangent operator is presented. Different aspects of the constitutive model and its integration 32 algorithm are investigated by considering a comprehensive set of numerical examples.
Introduction

38
The use of polymeric materials is steadily increasing due to 39 their ability to fulfil requirements for a large number of applica-40 tions ranging from automotive, medical and electronic sectors. 41 Their mechanical behaviour is usually highly nonlinear and it is 42 extremely important to understand how their mechanical perfor-43 mance is affected by the molecular structure, the processing condi- 44 tions and the geometry of the micro constituents. Over the last 45 decades, a considerable effort has been made by the academic 46 community to develop constitutive models that are able to 47 describe the deformation behaviour of polymeric based materials. 48 Pioneering work to determine the behaviour of polymers dates 49 back to 1930s. Eyring [1] proposed a molecular theory for the yield 50 stress of amorphous polymers, considering the yield behaviour as a 51 thermally activated process. Temperature and strain rate effects 52 are accounted for in the theory. In 1940, Mooney [2] proposed a 53 strain energy function for rubber elastic materials. Later, Haward 54 and Thackray [3] developed a one dimensional constitutive model 55 for glassy polymers. This work can be considered as one of the first 56 constitutive models proposed for predicting the deformation beha-57 viour of glassy polymers. According to it, the post yield behaviour 58 of glassy polymers includes two different phases: firstly, a rate 59 dependent plastic flow modelled by an Eyring dashpot, and sec- 60 ondly, a rate independent contribution of the entanglement 61 modelled by a Langevin spring. The three dimensional version of 62 Haward and Tackray model was proposed by Boyce et al. [4] . An 63 alternative constitutive approach is based on the generalized 64 compressible Leonov model. The first compressible version of the 65 Leonov model [16] was proposed by Baaijens [5] to predict flow- 66 induced residual stresses in injection moulded products. Later, 67 the model was derived within a thermodynamically consistent 68 framework by Tervoort et al. [6] . The rate of plastic strain was con-69 stitutively described by the stress-activated Eyring flow. This 70 model was later extended by Timmermans [14] and Govaert Polymer (EGP) model. Over the last decades, a wide range of con-76 stitutive models incorporating linear and non-linear visco-elastic 77 and visco-plastic material behaviour have been developed to cap-78 ture different aspects of the behaviour of polymers including 79 molecular orientation, strain rate effects, failure, among others. 80 For a review on finite element simulation of polymers, the reader 81 is referred to [8, 9] . 82 The finite strain elasto-viscoplastic constitutive model devel- 83 oped is this work is inspired in the single mode EGP model [10] , 84 which has been extensively used by a large number of authors 85 (e.g. see [7, [11] [12] [13] [14] [15] ) in the prediction of the deformation behaviour 86 of polymeric materials. Therefore, the inelastic material behaviour 87 at the constitutive level is modelled with the same rheological 88 model as Timmermans [14] , which includes the Eyring equation 89 for the plastic flow. At the kinematic level, the multiplicative split http://dx.doi.org/10.1016/j.compstruc.2016.01.002 0045-7949/Ó 2016 Elsevier Ltd. All rights reserved. of the deformation gradient into elastic and inelastic contribution 91 is assumed and logarithmic stretches are employed as strain 92 measures. 93 Procedures for integration of the constitutive equations of a 94 material model, usually defined by a set of evolution equations, 95 in the context of finite element simulations have been thoroughly 96 investigated by a large number of authors [17] [18] [19] [20] [21] [22] . This numerical 97 integration is carried out locally at each quadrature point in typical 98 finite element implementations. This process has a strain driven 99 structure where the stresses and updated internal variables, which 100 characterize the inelastic response of the material, are pursued for 101 a given strain increment and the previous values of the internal 102 variables. The consistent linearization of the resulting discrete 103 equations is crucial for the successful solution of the global bound-104 ary value problem with the Newton-Raphson scheme due to its 105 asymptotic quadratic rate of convergence. The use of operator split 106 techniques, which result in the classical elastic predictor/plastic 107 corrector format of the time-discrete evolution problem, is widely 108 accepted and has become standard nowadays. 109 The numerical integration algorithm, developed in this work, 110 follows the procedure introduced by Eterovic and Bathe [23] where 111 large strain kinematics are separated from the stress integration. 112 The small strain numerical integration by means of a return In this section, the hyperelastic-based finite strain inelastic con-138 stitutive framework adopted in this work, formulated in the spatial 139 configuration, is presented. The main aspects of this approach, 140 which will be conveniently particularized for the developed model, 141 are: the multiplicative split of the deformation gradient, the use of 142 a logarithmic strain measure, the existence of a free energy poten-143 tial from which the hyperelastic law is derived, the existence of a 144 dissipation potential from which the plastic flow rule is obtained 145 and the additive decomposition of the total stress into driving 146 and hardening stresses. 147 The mechanical model, which is schematically represented in 148 Fig. 1 , consists of two elements connected in parallel. The first ele-149 ment is composed by a linear spring that characterizes the elastic 150 behaviour and a dashpot that characterizes the rate dependent 151 yield behaviour and the non-linear viscoplastic material response. 152 The second element is a spring that represents the strain hardening 153 response. The main assumption underlying this approach is the multi-156 plicative decomposition of the deformation gradient. Based on this 157 assumption, the deformation gradient, F, is multiplicatively com-158 posed of the elastic deformation gradient, F e , and the plastic defor-159 mation gradient, F p [17] . where e e is elastic logarithmic strain and a is a set of internal vari-249 ables, the following constitutive law is obtained:
252 252 253 where s is the Kirchhoff stress tensor and q is the reference density. 254 We know that the following relation holds: can be used to derive the constitutive law for the stress as a func-262 tion of strain. In this work, the so-called Hencky strain energy func-263 tion (logarithmic strain-based hyperelasticity law), which is 264 generally accepted for a wide range of applications, will be used. 265 The Hencky strain energy function, in terms of principal stretches, 266 is given by:
269 269 270 where k e 1 ; k e 2 ; k e 3 are the principal stretches in principal directions; K 271 is the bulk modulus and G is the shear modulus of the material. 272 Using the strain energy function introduced in relation (15) and also 273 Eq. (13) results in the following relation between Kirchhoff stress 274 and Eulerian logarithmic strain: where D e denotes the fourth order isotropic constant elastic tensor: The flow model in three dimensions can be described by the fol-326 lowing relation for the equivalent rate of strain:
329 329 330 where s eq is an equivalent stress defined by:
333 333 334 where s is the deviatoric part of the stress tensor:
The fourth order deviatoric identity tensor, I d , is given by:
It is important to mention that relations (27) and (26) As a result, the flow vector is obtained:
where ksk is the norm of s defined by:
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The plastic flow rule for the model presented here, is given by:
where W is the dissipation potential, N is the flow vector and d p is 371 the spatial plastic stretching tensor:
The spatial plastic stretching tensor, d p , is the plastic stretching 376 tensor, D p , rotated to the current (spatial) configuration by the 377 elastic rotation, R e . Combining relations (33) and (31), the multi-378 dimensional plastic flow rule of the model is obtained as:
Using relation (26) and also Eq. (27), the plastic flow rule can be 383 expressed in another form: where the viscosity function, gðs eq Þ, is given by: 
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The symbol l represents a pressure coefficient related to the shear 416 activation volume, V Ã , and the pressure activation volume, X, 417 according to:
420 420
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In relation (41), P is the total hydrostatic pressure: where the scalar p is the hydrostatic pressure defined by: ter, D: the following viscosity function: as the existence of free radicals or chain scission points [26] . In this 493 study, only isotropic hardening is considered. 494 The hardening behaviour of glassy polymers is commonly mod-495 elled as a generalized rubber elastic spring with finite extensibility. 496 The so-called three-chain and eight-chain models proposed by 497 Arruda and Boyce [27] and also the full chain model proposed by 498 Wu and van der Giessen [28] are typically used to model the hard-499 ening behaviour. Another approach for modelling the hardening The hardening stress in this model is characterized with the fol-508 lowing relation:
where H is the hardening modulus (one of the material properties) 513 and e d is the deviatoric part of the total strain: and consistent tangent operator will be performed at the small 536 stain format and then will be extended to the finite strain counter-537 parts. The finite strain extension employed here preserves the most 538 important properties of the small strain formulation [17] . In partic-539 ular, volume preserving plastic deformations, finite plastic incom-540 pressibility and associativity and maximum plastic dissipation at 541 large strains [17] . Due to its suitable features, this kind of extension 542 has been widely used by different authors [31] [32] [33] . With the incremental deformation gradient, we can update the 553 deformation gradient at time step t nþ1 : The elastic trial left Cauchy-Green deformation tensor at t nþ1 is 564 obtained by: We know that total strain is additively composed of elastic 582 strain and plastic strain: where the effective stress at t nþ1 is given by:
616 616 617 and the discretized expression for the viscosity is given by: . This means that for a generic 3D prob-640 lem, we would have to solve a system of seven coupled equations: 641 six for plastic strain tensor and one for the accumulated plastic 642 strain. In the following, it will be shown how to manipulate the 643 relations such that the integration algorithm turns out to be signif-644 icantly more efficient. The stress deviator, s nþ1 , is given by: 
The factors C 1 ðg nþ1 Þ; C 2 ðg nþ1 Þ and C 3 ðg nþ1 Þ are given by: 
726 726 727 where 728
730 730 The exact linearization of the constitutive relations together 802 with some algebraic manipulations, described in detail in Appendix B, result in the following closed form relation for the vis-804 coplastic tangent operator.
807 807 808 where 809 
817 817 
True compressive stress (Pa)
True compressive strain the test. In Fig. 8 , it is clearly depicted that by increasing the super-945 imposed hydrostatic pressure, the stress level will be raised. of the example are given in Fig. 9 . As can be seen in Fig. 9 small reduction in the area, of almost 1%, is applied on the right 959 edge of the specimen. In Fig. 10 , the accumulated plastic strain of Fig. 15 . Geometry (a) (taken from [35] ) and mesh of the tensile test on a dumbbell shape specimen (b). In order to complete the first term in relation (B.5), we have to 1117 compute the following: The derivatives of the equations in order to strain, e nþ1 , are the 1151 following: 
